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Abstract: Inflationary scenarios based on simple non-minimal coupling acfP'R and its 
generalizations are studied. Generalizing the form of non-minimal coupling to K{(p)R 
with an arbitrary function K((p), we show that the flat potential still is obtainable when 
V {(p) / K'^ {(p) is asymptotically constant. Very interestingly, if the ratio of the dimensionless 
self-coupling constant(A) of the inflaton field and the non-minimal coupling constant (a) is 
small, -y/ A/a^ ~ 10~^, the cosmological observables for general monomial cases {K ~ ac^™", 
V ~ A(/)^™) are in good agreement with recent observational data. 

Keywords: Infiation, nonminimal coupling. 



Contents 



1. Introduction 



1 



2. Review: The Higgs boson as the inflaton 



2 



3. Generalization: 



3 



4. Monomial case: K cf)' 



4 



5. Conclusion 



6 



1. Introduction 

An early period of accelerated expansion of the universe, or inflation [1], can solve many 
cosmological problems such as flatness problem, homogeneity problem and isotropy problem 
and can provide the desired initial conditions for the subsequent hot big bang cosmology [2] . 
In particle physics models, inflation occurs when one or more scalar fields, the inflaton fields, 
dominate the energy density of the universe with their potential being overwhelming [3]. 
Under such a condition, dubbed slow-roll condition, the curvature perturbation is produced 
which is nearly scale invariant and is heavily constrained by the measurements of the 
anisotropies of the CMB and the observations of the large scale structure [4] . The slow-roll 
condition says that the inflaton potential should be very flat, i.e. the effective mass of 
the inflaton should be very small compared with the inflationary Hubble parameter. The 
biggest question is the origin of the inflaton field itself. 

Recently Bezrukov and Shaposhnikov (BS) reported an interesting possibility that the 
standard model with an additional non-minimal coupling term of the Higgs field and the 
Ricci scalar (~ a\(j)\'^R) can give rise to inflation [5] without introducing any new scalar 
particle in the theory ^. The authors showed that the "physical Higgs potential" in Einstein 
frame is indeed nearly flat at the large field value limit but it is also required from the COBE 
data U/e = (0.027Mpi)^ that the ratio between the quartic coupling of the Higgs field (A) 
and the non-minimal coupling constant (a) should be small ~ we would 

generalize the case of BS by taking more generic form of the nonminimal coupling and read 
out the required condition for the asymptotically flat potential. It is certainly worthwhile 
to consider the generalization since we could understand the underlying structure of the 
theory more closely. 

^The models of chaotic inflation with nonzero a were considered in various different contexts [6, 7, 8, 9, 
10, 11, 12]. 

^One should note that when one is trying to identify the inflaton field as the Higgs field the self-coupling 
A is of the order of unity. In that case the largeness of the non-minimal coupling is required as well. 
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After reviewing the suggestion by BS in the next section, we generalize the sugges- 
tion by considering generic form of the gravity-scalar coupling term in a non-minimal way 
{K{(j))R) and see the general condition for getting the flat potential or the slow-roll condi- 
tion in the Sec. 3. In the Sec.4, we work out the monomial case with functions {K ~ a^"* 
and V ~ A0^"^) in detail. Interestingly for any positive integer power (m) the scalar spec- 
tral index and the tensor-to-scalar perturbation turned out to be in good agreement with 
the latest cosmological observations once a combination of dimensionless self coupling con- 
stant and the coefficient of the nonminimal coupling is fixed as yAo/oQ ~ 10~^ (Details of 
the parameters are given in Sec.4). Summary and discussions will be followed. 



2. Review: The Higgs boson as the inflaton 

The starting action functional for the gravity-Higgs scalar system in the Jordan frame is 
given as follows. 



.^£!±^B+M!_vw (2.1) 



where the scalar potential is V{(t)) = A/4(^^ — v"^)^ and M 2± Mp\ in the parameter regime 
1 <C a <C (Mpi/((/)))^ assuming the vacuum expectation value v is in the electroweak scale. 
One can move to the Einstein frame where the graviton kinetic term is canonical by the 
conformal transformation 



9u,u = e'^'^gu.u, (2-2) 

where is the metric in the Einstein frame and the conformal factor is defined as e^"^ = 
1 -|- acfP' /M-p\. The resultant action in the Einstein frame provides the "Higgs potential" 

U{hm = e-^V{<t>) (2.3) 

where the canonically normalized scalar field h is determined from the scalar field by a 
derivative: 



dh / e2'^ + 6a2(/)2/M2j 

^ - y — ^ — • (2-4) 



Here the coefficient '6' comes from the conformal transformation of the Ricci scalar, R — ^ 
e~^'^(i? - 6V^a; - 6{duj)'^) ^. Taking h » Mpl/^/a, the potential in eq.2.3 can be recasted 
as 



AM^ 



~ 'PI 



4a2 



(2.5) 



=^In D dimensions, R 6"^" {R - 2{D - l)V^uj - {D - 2){D - l){dLof). 
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i.e. the potential becomes very flat at higli energy regime. Bezrukov and Shaposhnikov 
found that if the coefficient of the non-minimal coupling a is chosen properly, this poten- 
tial really reproduce the current data from the cosmological observations. The value is 
^/X/c? = 2.1 X 10 ^ . As seen in eq.2.5, the flat potential is not directly related with the 
actual vacuum expectation value at low energy. Indeed, inflation takes place at the high 
energy regime which should be independent of the details of the low energy values. 

3. Generalization: acp'^R — > K{(p)R 

We generalize the model with non-minimal coupling KiJ)), and the scalar potential V{^). 
The starting 4-dimensional action in Jordan frame is expressed as 



S = I d*xy/—g 
The Einstein metric is 



(3.1) 



»^ = e-%-. e-:=^!±fffl. (3.2, 



Then the action in the Einstein frame becomes 

Ml, „ 3e-_^ ,.0 1 

^Pl 



(3.3) 



It is convenient to redefine the scalar field and normalize the kinetic term canonically. 



^ = J ^Pi + ^ ^ K'(6)- (3 4) 

Now the scalar potential is written as 

Here we could read out the general condition for the fiat potential at the large field value: 

V 

lim = Const > 0. (3.6) 

since U on The condition K{(j)) 2> for (j) M is required for the potential to be 
bounded from below and the location of the global minimum is well localized around the 
small field value. 

Here we would like to add one comment about the condition. Even though the con- 
dition in eq. 3.6 actually determines the flatness of the potential at the large field value, 
it is not necessarily required in generic inflation models. Depending on the shape of the 

potential, it might still be possible to have sufficient time of exponential expansion for 
some finite region of field value 0. The result is applicable for monotonic potentials, for 
example, monomial potentials which will be considered below in great detail. 
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4. Monomial case: K <^ (j/^ 

Let us take K{(f)) to be a monomial as 

K{<t>) = a</.-, 



(4.1) 



where a is a dimensionful constant. In order to get the flat potential in large (j) region in 
Einstein frame, the original scalar potential in Jordan frame should be written as 

A 



V = — 
2m 



In this case, U is written as 



M2 
1 + — 

a 



2ma? 

In large </> region, the relation 3.4 between and h is written as 
• m = 1 

dh Mpi 1 



(4.2) 



(4.3) 



d4> 



fa v^' 



4M2j 



m 



• m > 3 



dh 



^ + 1/< 



-Mpi 



Mpi 



exp ^ 

Va i/6 + l/aMpi 



(4.4) 



(4.5) 



3 niMpi 
2 ^ 



2 \ 
PI 



exp 



h 



SmMpi 



(4.6) 



The slow roll parameters arc defined by using the scalar potential in Einstein frame 
3.5 and the canonically normalized scalar field h as 



Mgi f dU/dh \- 



V = Ml, ^ . 



(4.7) 



In our model these parameters are calculated in large 4> region, using eqs. 4.3, 4.4-4.6, 



as 



2M / 
a \4> ) ' 



£ = < 



m 



3a^(H-l/{6a)) 1, </> / 
3a2 \ y ' 



m = 2; ,ri 
m> 3. 



mV 



3a(l+l/(6a)) V 



4M2 



3a 



M 



M 



m = i; 
, m = 2; 
m > 3. 



(4.8) 



The end of inflation is e = 1. The values of h and (p a-t this point are denoted by /iend 
and ^end respectively. In the slow roll inflation the number of e-foldings is expressed as 



N 



1 



(4.9) 
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Figure 1: The spectral index Us and the tensor-to-scalar perturbation ratio r are depicted in one 
plot for various values of ao and the power of the non-minimal coupling m in K{(j)) (jf^ . 



In our model is calculated as 



N 



3 



«(l + ^)lk('^0-O> ("^ = 2) 



(m = 1) 
(m = 2) 
(m > 3) 



(4.10) 



In order to get 60 e- foldings, we should solve = 60 and get (j)^^. Let us assume (^qo ^ 4>1nd- 
Then we obtain the value (bm as 



^60 



2ViVM, 

2y/NM 



[m = 1) 
, , {m = 2) 

^3a(l+l/(6a)) ' ^ ' 

[{^M-f-, (m>3). 
The spectral index and the tensor-to-scalar ratio r can be calculated as 
ns = 1 - 6e 2r/|<^=0go, r = 16e|0=<^g(,. 
In our model, these values are expressed (using eq.4.8 and eq.4.11) as 



n. 



277' (m- = l) 



2aoAf3/2 
9(l+l/(6ao)) 2 1'™ _ 9^ 

9 2 > 3) 



27V2 AT' 

where the dimensionless parameter oq is defined as 



(m 



12(l+l/(6ao)) ^ 



12 



1) 

2) 

(m > 3) 



(4.11) 



(4.12) 



(4.13) 



(4.14) 



In fig.l we plotted the spectral index {ns) and the tensor-to-scalar perturbation ra- 
tio (r) for varying oq and fixed = 60. For m = 1 and m = 2, the spectral index 
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becomes larger but the tcnsor-to-scalar ratio becomes smaller. For large oq — 47r, the val- 
ues of the spectral index and the tensor-to-scalar ratio are saturated to 0.9745(0.965) and 
0.0007(0.003) for m = l(m > 2), respectively. Notice that when m > 3, the spectral index 
and r are independent of oq and given as 0.965 and 0.003, respectively. It is depicted by a 
circle at the tip of the plot for m = 2. 

Another observable is the amplitude of the scalar perturbation. 

This gives a constraint for the parameters 

U 



e 



= (0.027Mpi)''. (4.16) 



In our model, the constraint is written, with dimensionless parameter Aq = AM^"* ^, as 
follows. 

~2.3xl0"^ (m=l) 



^lOrffc)) - 2.1 X 10-^ (m = 2) (4.17) 
~ 1.5 X W-^^/m, (m > 3). 



One should note that ./^ ~ 10 is universally required to fit the observational data for 
V "o 

general values of m. However this is weird since the quartic coupling has to be extremely 
small A ~ IO-^^Oq as we already noticed in the case with m = 2. 



5. Conclusion 

In this paper, we examined the inflationary scenarios based on non-minimal coupling of 
a scalar field with the Ricci scalar (r^ K[(j))R). Taking conformal transformation, the 
resultant scalar potential in the Einstein frame is shown to be flat at the large field limit 
if the condition in eq.3.6 is satisfied. This is one of the main result of this paper. 

This class of models gets constraints from the recent cosmological observations of the 
spectral index, tensor-to-scalar perturbation ratio as well as the amplitude of the potential. 
We explicitly considered the monomial cases K ~ ^™ and found that this class of models 
are indeed good agreement with the recent observational data: ns — 0.964 — 0.975 and 
r ~ 0.0007—0.008 for any value of m. In fig.l, the predicted values for ng and r are depicted. 
We explicitly read out the condition for fitting the observed anisotropy of the CMBR by 
which essentially the amplitude of the potential is determined. The condition does not 
look natural {^fxjcfl ~ at the first sight but we may understand this seemingly 

unnatural value once we embed the theory in higher dimensional space-time. Details of 
higher dimensional embedding of the theory and possible solution to the smallness of -^f \/a? 
will be given in separate publication [13]. 
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